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Abstract. We consider manifolds equipped with a foliation of codimen- 
sion 4(7, and an almost quaternionic structure Q on the transversal bundle of J-. 
After discussing conditions of projectability and integrability of Q, we study the 
transversal twistor space ZJ- which, by definition, consists of the Q-compatible 
^ ' almost complex structures. We show that ZJ- can be endowed with a lifted 

' foliation !F and two natural almost complex structures Ji , Jo on the transversal 

. bundle of T. We establish the conditions which ensure the projectability of Ji 

and J2, and the integrability of Ji (J2 is never integrable). 

o 

5 ■ 1 Preliminaries 

• We recall the basic definitions of quaternionic geometry e.g., The 

S . general framework is the C°° category. 

^ ! An almost hypercomplex structure on a 4g-dimensional differentiable man- 

I ifold A^'^'^ is an ordered triple H = (Ji, 12,13) of almost complex structures 

I satisfying the quaternionic identities I^o Ijj = for (a, /3, 7) = (1, 2, 3) and 

cyclic permutations. If the structures /i, /2, h are integrable, H is said to be 
a hypercomplex structure. 
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If H = (Ji, I2, 13) is an almost hypercomplex structure, any triple (Ji, J2, 
J3) obtained from (Ji, 12,13) by multiplying by a matrix of S0{3) is again 
an almost hypercomplex structure. Moreover, there exists a set of compati- 
ble almost complex structures associated with a given almost hypercomplex 
structure namely, the set of all J = oi/i + 02/2 + where 01,02,03 are 
functions satisfying o^ + O2 + O3 = 1. 

An almost quaternionic structure on the manifold N^'^ is a rank 3 vec- 
tor subbundle Q of the endomorphism bundle End{TN) locally spanned by 
almost hypercomplex structures H = (Ji, I2, 13) which are related by S0{3)- 
matrices on the intersections of trivializing open sets. A quaternionic struc- 
ture on the manifold N^'^ is an almost quaternionic structure such that there 
exists a torsionless connection V of TN which, when extended to the vector 
bundle End{TN), preserves the subbundle Q i.e., VQ C Q. The existence 
of the Q-preserving torsionless connection V is not equivalent with the inte- 
grability of Q as a G-structure. The existence of a flat torsionless connection 
which preserves Q implies that Q can be obtained from local quaternionic 
coordinates on A^. If an almost quaternionic structure Q is fixed on A^^"^, the 
local bases (Ji, l2,h) which span the vector bundle Q are also called local com- 
patible almost hypercomplex structures, and any local J = oi/i + 02/2 + 03-^3 
with o^ + 02 + O3 = 1 is called a local Q-compatible almost complex structure. 

A Riemannian metric g on a (almost) hypercomplex manifold (A^, H) is 
(almost) hyperhermitian, respectively (almost) hyperkdhler, if it is (almost) 
Hermitian, respectively, (almost) Kahlerian, with respect to all the structures 
la, a = 1,2, 3, of H. (Then, g also is compatible with any if-compatible 
structure J.) Similarly, on an almost quaternionic manifold (A^, Q), the met- 
ric g is quaternion Hermitian if it is Hermitian with respect to the local bases 
(/q) of Q, and it is quaternion Kdhler if it is quaternion Hermitian and Q is 
parallel (i.e., VQ C Q) with respect to the Levi-Civita connection V of g. 
(In both cases, the property says nothing about the integrability of the struc- 
tures /„.) The terms are also used for manifolds endowed with the respective 
structures. Of course, a hyperkahler manifold necessarily is hypercomplex, 
and a quaternion Kahler manifold necessarily is quaternionic. 

The twistor space ZN of an almost quaternionic manifold (A^, Q) is de- 
fined as the manifold of the Q-compatible almost complex structures of the 
tangent spaces of A^.Thus, ZN is an S'^-bundle associated with the vector 
bundle Q, where Q has the metric which makes the local bases H = (/i, /2, -^3) 
orthonormal bases 0, ^ . 
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Now, let us consider a manifold M^"'"'^'^, equipped with a p-dimensional 
foliation T . Denote by L = TT the tangent bundle of JF, and by vT = 
TM/L its transversal vector bundle of rank 4g. We will often identify the 
transversal bundle z/jF with a complementary distribution E of L i.e., a split- 
ting of the exact sequence 

^ L = TJ^ ^TM ^ uj^ ^0. 

Almost hypercomplex and almost quaternionic structures can be defined 
similarly on vector bundles of rank 4g. Accordingly, they will be reductions 
of the structure group of the bundle to G, where the group G = GL{q, H) 
for the almost hypercomplex structures and 

G = GL(,.H).Sp(l) = ^^<^H^ 

—I 1 (Jj 

for the almost quaternionic structures (H is the algebra of the quaternions). 
Furthermore, almost hyperhermitian and quaternion Hermitian structures 
correspond to the structure groups Sp{q) and Sp{q) ■ Sp{l), respectively. 

We will consider structures of these types on the transversal bundle uj-' of 
a foliation JF, and refer to them as transversal almost hypercomplex, transver- 
sal almost quaternionic, etc. structures of the foliation J^. (Such structures 
sporadically appeared in the literature e.g., P^ .) 

In what follows, we use Bott connections Q D : TTM x Fz/JF — > Fi/JF. A 
Bott connection is a connection on the transversal bundle uj^ which extends 

o 

the partial connection D: TL x TvJ^ —>■ TuJ-' given by 
(1.1) s = 7r4F,X,], 

where F is a tangent vector field of the leaves of the foliation JF, and Xs 
is any vector field on M such that tt^Xs = s, s G Fz/JF. (F always denotes 
spaces of global cross sections of vector bundles.) Notice that an identification 
z/jF ^ E, where TM = E (B L, implies the replacement of (1.1) by 

(1.1') by X = tt[Y,X], XeTE, 

IT being the projection tt : TM —>■ E. 

A Riemannian metric g splits TM = TJ-' © T^T and we will take E = 

o 

T-'-jF ^ z/jF. Then, in particular, D can be extended to a Bott connection D, 
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by defining Dx = tto Vx {X G TE), where V is the Levi-Civita connection of 
g. For Riemannian foliations, this Bott connection D is the unique torsionless 
metric connection of the normal bundle T-^T vT . 

1.1 Definition, (a) A transversal almost hypercomplex structure H = 

o 

(Ji, l2,h) of is projectable if the partial connection D preserves the struc- 

o 

tures la, i. e. D la = 0, a = 1, 2, 3. 

(b) A transversal almost quaternionic structure Q C End{uJ^) is projectable 

o o 

if D preserves Q: D Q C Q. 

The projectability condition of Q can be formulated in terms of local 
bases H = (Ji, I2, /a). Namely, Q is projectable iff, for any choice of a local 
basis H = (Ji, I2, 13), there exist local 1-forms a, /?, 7 such that: 

(1.2) bh = al2 + pi3, b l2 = -ah+-fh, b h = -Ph-il2. 

As a matter of fact, if equations of the type (1.2) hold for some choice of H 
similar equations hold for any choice of H. 

If J G TEnd{vJ^) we may also see it as a cross section of EndE, and for 
Y G TTJ-", s G Fz/JF we have 

(1.3) {by J)S = by Js-J by S = TT^Y, JX,] - JtT^ [F, X,] 

for any X^ G TTM such that s = TiuXg. A cross section s is projectable if s 
projects to a tangent vector field of any local space of slices of the foliation 



[|ri[|. From (1.3), it follows that J is projectable iff Js is projectable whenever 
s is projectable. Therefore, projectability in the sense of Definition 1.1 (a) 
means that we have a structure which is the lift of almost hypercomplex 
structures of the local slice spaces. The same is true in the case of Definition 

1.1 (b) (see Proposition 3.1 later on). 
Accordingly, we will give 

1.2 Definition. A projectable, transversal, almost hypercomplex or almost 
quaternionic structure of a foliation is integrable if the projected structures 
of the local slice spaces are hypercomplex or quaternionic, respectively. 

If integrability holds, the word almost will be omitted. 
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2 Examples 



We begin by an example of a foliation with a transversal almost hyper- 
complex structure. Let be a transversally holomorphic foliation of real 
codimension 2q on a manifold A^p+^'J. This means that, on A^, there are local 
coordinates (y", 2;", z""), where are real coordinates, and (z") are complex 
coordinates with holomorphic transition functions, such that is defined by 
z"- = const., z"' = const. Furthermore, assume that g is a bundle-like Rie- 
mannian metric on A^, which is jF-transversally Kahler i.e., 

(2.1) g = g^i{z, z)dz'' ® dz'' + g-ab{z, z)dz'' ® rf/ + ■ ■ ■ , 

where the first two terms define a Kahler metric in the coordinates (2;), and 
the remaining (unexplicited) terms contain dy^. (In this paper, we use the 
Einstein summation convention.) 

Now, consider the manifold M defined by the total space of the conormal 
bundle of the foliation i.e., the annihilator of the tangent bundle TT. If E 
is the (yf-orthogonal bundle of JF, then M = E*. On M, there exists a natural 
lift JF* of JF such that the leaves of JF* are covering spaces of the leaves of 
JF. Moreover, the local slice spaces of JF* are cotangent bundles of Kahler 
manifolds. It is not difficult to construct an almost hypercomplex structure 
on such a cotangent bundle. If we do this on the local slice spaces, the 
obtained structures glue up to a projectable almost hypercomplex structure 
transversal to JF*. The construction of the almost hypercomplex structure 
of the cotangent bundle of a Kahler manifold was described in For the 



reader's convenience, we present here the previously mentioned transversal 
structure of JF* directly. 



As in pT], H, let 

(2.2) = rfy" + t'^dz'' + tyz" 

be a basis of the annihilator of E. Then, G E* we have 

(2.3) C = Cadz^ + 

{y^, z"', (a, Co) are local coordinates on M, and the system of equations 
z"' = const., z"" = const., (a = const., (a = const. 
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defines the foliation T* . Obviously, T* is again a transversally holomorphic 
foliation, and we will denote by l\ the corresponding transversal complex 
structure. That is, l\ is a complex structure on the transversal bundle vT* 
which, in turn, may be identified with the complementary bundle S of TT* 
given by the equations 6*" = on M = E* . As usual, we may identify (S, Ji) 
with the holomorphic part 5*1^0 of S ®r C. 

Then, 5* also has a canonical symplectic structure namely, if seen on M, 

(2.3) is a 1-form which may be viewed as the -transversal Liouville form 
C, and —d( is the mentioned symplectic structure. When transferred to Si^o, 
these structures go to A = (adz'^ and u = dz"' A dC,a, respectively. 

Furthermore, the Levi-Civita connection of the transversal Kahlerian part 
of g yields a connection on E with a corresponding horizontal distribution 
n on E* given by [|3l 

(2.4) dCa - K,Ccdz' = 0, dCa - KiAcdz' = 0, 

where the coefficients F are the Christoffel symbols. The equations (2.4) 
completed by 6*" = define the horizontal partTis of the bundle S. Of course, 
S is tangent to the fibers of E* i.e., it contains the vertical distribution, say 
V, of this bundle. As a matter of fact, we have S = Hs © V. 

Now, continuing with the identification {S, Ji) ~ 5*1^0) we see that a new 
complex structure I2 of S can be obtained by asking 



(2.5) Vt^, = tob„ Il = -Id, 



where the musical isomorphisms are defined as in Riemannian geometry and 
the bar denotes complex conjugation (of course, only the transversal part of 
g is used). 



Finally, the same computations as in p3| show that (Ji, 13 ■= h o I2) 
is an almost hypercomplex structure on the vector bundle S, and this is the 
announced example 

Now, we will describe two classes of examples of foliations with pro- 
jectable, transversal quaternionic structure, which come from 3-Sasakian and 



quaternion Hermit ian-Weyl geometry, respectively (cf. [§, |, |T^, |TI 

A triple (^^, ^^) of orthonormal Killing vector fields on a (4g + 3)- 
dimensional Riemannian manifold {S,g) is said to define a 3-Sasakian struc- 
ture if their brackets satisfy the identities 
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((a,/5,7) = (1,2,3) and cyclic permutations), and, furthermore, the dual 
1-forms ?7" = \>g^^ satisfy the equations 



(2.6) 



(Vy$°)Z = 77"(Z)F-(7(F,Z)e 



(a = 1,2,3) where V is the Levi-Civita connection of g, and = G 
EndiTS). 

A manifold (5, g) with a 3-Sasakian structure is a 3-Sasakian manifold, 
and the vector fields 'C^,^^,'^^ span a foliation V of 5. Furthermore, V is 
invariant by the endomorphisms and it has the orthogonal distribution 
E defined by r]^ = 0, 77^ = 0, 77^ = 0. Therefore, E also is ^"-invariant. 
Following Proposition 1.2.4 of |^, one has 



and (Ji = —^^/e, h = —^^/e, h = —^^/e) is an almost hypercomplex 
structure on the distribution E = T^J^. 

Now, we will check that, although not every /i,/2,/3 is projectable, the 
vector bundle Q spanned by these structures is projectable (see also 0) 
hence, the foliation V has a projectable, transversal quaternionic structure. 

Let X be a projectable cross section of E i.e., [^",X] G FTV for a = 
1,2,3. Then 

(Dgc $^)X = 7t[C, = 7r(Ve($^X) - V^.xC) 

= 7r((Ve$'^)^ + ^^(VgcX) - o $^X) 

('j^ 7r{$^(Vxr + [r,^]) ^^x} 

= o - o $'3)X = 2(1 - 5a/3)$^X, 

where if a 7^ /3 then (a,/5,7) is a cyclic permutations of (1,2,3). The last 
equality holds because the structures /" satisfy the quaternionic identities. 

We recall that compact 3-Sasakian manifolds 5^'^"^^ where the foliation 
V has all the leaves compact project onto a compact positive quaternion 
Kahler orbifold X^'^, and the leaves of V are homogeneous 3-dimensional 
spherical space forms. In the case of a regular foliation V, the leaf space 
X^'^ is a positive quaternion Kahler manifold. Thus, the simplest example 
of a foliation with projectable transversal quaternionic structure is the Hopf 
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fibration 5'^'J+3 H.P'^. An example of a 3-Sasakian manifold where V is not 
regular, but still all the leaves are compact, is the following. Consider the 
action of Z3 on the sphere S"^ = {{ho, hi) G / /iq/^o + ^i^i = 1 } generated 
by {Hq, hi) (e^/io; e^hi). This action preserves the 3-Sasakian structure 
of S'^, therefore, the quotient ZayS*^ is a 3-Sasakian manifold, and its foliation 
V admits a projectable transversal quaternion Kahler structure. In fact this 
structure projects to the orbifold Z3\HP^ defined by the induced action of 
Z3. We refer the reader to p, |^ for all these facts. 

As a matter of fact, the projection on a quaternion Kahler manifold always 
holds locally (cf. Theorem 2.3.4). This shows that the transversal almost 
quaternionic structure of the foliation V of an arbitrary 3-Sasakian manifold 
always is an integrable i.e., a quaternionic, structure. 

A second class of examples of foliations with a projectable transversal 
quaternionic structure is that of the locally conformal quaternion Kahler 
manifolds M'^'^"^^. This means that M is endowed with an almost quater- 
nionic structure Q and a metric g, which is Hermitian with respect to the 
local compatible almost complex structures of Q, and such that, over some 
open neighborhoods {Ui} which cover M (M = Ujt/j), g is conformally re- 
lated to local quaternion Kahler metrics: 

where g^ is quaternion Kahler on Ui and fi G C°°{Ui). 

Such a structure defines the so called Lee 1-form u, where = dfi. uj 
appears as a factor in the exterior differential dQ = 2u; A G of the Kahler 
A-form = I]a=i A fid, where Via are the Kahler forms of the local bases 
{la) (a = 1, 2, 3) of Q. In the compact case and if g is not globally conformal 
quaternion Kahler, a result of P. Gauduchon yields a metric in the conformal 
class of g such that its Lee form uj is parallel with respect to the Levi-Civita 
connection of the new metric 0, |l^ . With this choice and the normalization 
\uj\ = 1, the Lee vector field ^ := ^gUj, and the local vector fields ^" = la^ 
define a 4-dimensional foliation V (cf. |T^, Proposition 1.7) whose orthogonal 
bundle E has a quaternionic structure Qe induced by the structure Q of M 
(again, see [0). 

Moreover, the Lie derivative formulas of Proposition 1.7 of [|l^ allow for 
an easy verification of the fact that 

{Qe) C QE,b^. {Qe) C Qe, 
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for any Bott connection D of E. 

Therefore, V is a foliation with a projectable transversal almost quater- 
nionic structure. Moreover, it follows from the proof of Theorem 5.1 of []T^ 
that this transversal structure is, in fact, integrable. 

It is easy to give examples where the foliation V is not a fibration over 
an orbifold. The simplest examples of locally conformal hyperkahler (hence, 
implicitly, quaternion Kahler) manifolds are quotients (H^ — {0})/Z, where 
Z is an infinite cyclic group which preserves the metric g = {hoho + hihi)~^ go, 
conformal to the standard flat metric go- If we take Z generated by {ho, hi) i— >■ 
{2ho,2e^'^^hi), we get a foliation V with non compact leaves. Thus, no 
orbifold structure is obtained on the leaf space. However, the transversal 
quaternionic structure of the foliation V defined above is still projectable. 
(See Ijl^ for more explanations.) 



3 Projectability 

In this section we continue to use the notation of Section 1, and we discuss 
the notion of projectability of a transversal almost quaternionic structure 
Q C End{vJ^) introduced by Definition 1.1. 

3.1 Proposition. The almost quaternionic structure Q C End{vJ^) is pro- 
jectable iff Q has local compatible, projectable, almost hypercomplex struc- 
tures (Ja) (a = 1,2,3). 

Proof. Since local systems (Ji, 12,13), {Ji, J2, J3) of Q-compatible almost 

o 

hypercomplex structures are S'0(3)-related, it follows that ii D Ja = then 

o 

D la are given by expressions of the type (1.2), i. e. Q is projectable. 

o o 

Conversely, since D is a flat partial connection |lll], the condition D Q C 

o 

Q insures that D induces a flat partial connection on the vector bundle 

o 

Q. Accordingly, frames Ji, J2, J3 which are parallel with respect to D (i.e., 

o 

D Ja = 0) can be constructed. Namely, if ^ is a local transversal submanifold 
of J-', we fix Ja along V then, translate them parallely along the local slices 
of J^, with respect to an arbitrary Bott connection. Q.e.d. 

If a decomposition TM = E (B L is chosen, z/jF is isomorphic with the 
subundle E of TM, and the following tensorial projectability criterion of an 
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almost complex structure J of E {i. e., D J = 0) holds. Let J be the 
endomorphism of TM defined by 



(3.1) J(X) = 

and consider the Nijenhuis tensor 



jx, for X e r^, 

0, for X G TL, 



(3.2) Nj{Xi, X2) = [JX,, JX2] - J[jx,, X2] - J[Xi, JX2] + r[x,, X2], 

where Xi,X2 G F TM. Then the almost complex structure J is projectable 
iff 

^jlrLxTTM = 0. 

This is easily checked, by using the fact that Nj is a tensor. Indeed, 
consider the vector fields Y G TL, X G TTM, extensions of 1^ G TpjF and 
Xp G TpM {p G M); generality is not affected if we assume X projectable, 
which, hereafter, we will denote by X G Tp^TM, and which means that 
VF G TL, [F, X] G VL. Then, 

(3.3) Nj{Yp,Xp) = Nj{Y,X)/p = -{J([F, JX] - J[Y,X])}/p 

= -J7t[Y, JX]p = -J{Dy J)TlX/p. 

Hence, NjiY, X) = if and only if {Dy J)X = , as stated. 

From (3.3), we also notice that, VF G rL,VX G TE, Nj{Y,X) takes 
values in E. 

It follows that an almost hypercomplex structure H = (/i, /2, h) on E ^ 
uj^ is projectable iff one has Nj (F, X) = for F G TL, X G TTM, a = 
1,2,3. 

This assertion can be rephrased by using a unique tensor T^ : TM x 
TM — i> TM defined as follows. Recall that for an almost hypercomplex 
structure H = (/i, I2, 13) on a manifold M^'^, a structure tensor is defined by 

6 ^1 

the torsion of the Obata connection on M ([jl|, pp. 239-241). In our case, 
the almost hypercomplex structure H = (Ji, J2, /s) is only defined on a com- 
plementary distribution E of the tangent bundle L of the 4g-codimensional 
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foliation T. But, we may take the triple H = {Ii, 12,13) defined as in (3.1), 
and define the structure tensor 

(3-5) T^ = li:N!^- 

The following formula, where Y G rL,X G TTM, and a = 1,2,3, is a 
consequence of (3.5) 

(3.6) Nj^iY,x) = ^{r^(y,x) + j„T^(r,/,x)}. 

It follows: 

3.2 Proposition. The almost hypercomplex structure H = {Ii, 12,13) de- 
fined on the transversal bundle vT of the foliation T of M^"*'^'' is projectable 
iffT^\j,^^rpj^ is zero. 

Using the tensor (3.5), we can also show another interesting fact namely, 

3.3 Proposition. If the foliation T has a projectable, transversal, almost 
hypercomplex structure H, there exists a projectable connection ofuj-' which 
preserves the structure H. 

Proof. We recall that a Bott connection V of uj^ is projectable if 
is projectable WXi,X2 G TprE. The stated result will be proven by writing 
down analogs of connections defined by Oproiu and Obata. First, let us 
define a Bott connection V i.e., Vy =Dy given by (1.1') {Y G TL), by 



adding the equation [jT6 



(3.7) Vf^X2 = -^7r (iMpXi,I,X2]+L[IpX2,I,X,_ 

(a,/3,7) 



+ Q [Ia[IaXi,X2]+Ia[IaX2,X,]j + -7r[X,, X2], 

where Xi,X2 G TE, J2{a,i3,-y) denotes the sum over the cyclic permutations 
of (1, 2, 3), and vr : TM ^ E is the natural projection. V'^ is a projectable 
connection of uj^. It does not preserve H but, if we correct (3.7) by defining 
[0,1 

(3.8) D^^X2 = Vf^X2 + ^7rT^(Xi,X2), X,,X2 G TE, 
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we get a connection as required by the proposition. The projectabihty of the 
additional term of (3.8) follows from (3.2) since, if J of (3.2) is projectable 
then VXi,X2 G Fpr-E, A^j(Xi,X2) has a projectable transversal part. Q.e.d. 

The connection of (3.8) will be called the Bott-Obata connection, and 
for its torsion we get 

TnH{X,,X2) := D^X^ - D^^X, - 7r[X,,X2] = nT^{X,,X2), 
VXi,X2 e TE. 

Proposition 3.3 shows that, generally, there are obstructions to the exis- 
tence of a projectable, transversal, hypercomplex structure of a foliation JF. 
One such obstruction is, of course, the Atiyah class of J-', since the Atiyah 
class is the obstruction to the existence of a projectable, transversal connec- 
tion [O]. Sometimes, it is also possible to detect secondary characteristic 



classes. 

Let JF be a foliation of codimension Aq on M^"'"'*^, which has a projectable, 
transversal almost complex structure Ji. Then there exist Bott connections 

V which preserve Ii. Indeed, for any Bott connection Vy/i = for all 

Y G TL, and the existence of V with Vx-^i = for all X G TE follows in 
the same way as the existence of, say, an almost complex connection on an 
almost complex manifold. Moreover, if we also choose a Riemannian metric 
g on M such that q/e is /i-Hermitian, we can get V as above which also 
satisfies Vx(c//b) = 0, VX G TE. 

Accordingly, as in the classical Bott vanishing theorem we have: 

Chern2k{E, h) = if k > Aq, 

where Chern2k denotes elements of cohomo logical degree 2k in the ring gen- 
erated by the real Chern classes. More exactly the representative differential 
forms of these classes in terms of the curvature forms of V vanish. 

Now, assume that Ii can be completed by I2, I3 to a (not necessarily 
projectable) transversal almost hypercomplex structure, with an almost hy- 
perhermitian metric g. Then, the odd dimensional Chern classes C2h+i{E, h) 
vanish, since their representative differential forms in terms of the curva- 
ture of an almost hyper her mitian (not necessarily Bott) connection D are 
C2h+i{D)=0 {cf. 0,voL II, p. 304). 

Thus, if 2/i + 1 > 4g, and if the connections V, D are as above, we have 

C2h,+l(V) -C2/.+l(D) = rf(A(;,)(V,Z^)) = 0, 
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where A(/i) are the Bott comparison forms [0, and we get cohomology classes 

[A(,)(V,D)]Gi/^'^+i(M,R) {h>2q) 

which are well defined and independent of the choice of the connections V, D. 
These precisely are the secondary classes that we mentioned. They are ob- 
structions to the existence of a projectable almost hyperhermitian transver- 
sal structure with the given almost complex component Ii since, if such 
a structure exists, we may use equal connections D = V, in which case 
A(,)(V,D) = 0. 

Next, assume that Q C End E is a transversal almost quaternionic struc- 
ture of a foliation JF. In order to get a tensorial criterion for the projectability 
of Q, we look at the extension Q C End{TM) of Q defined by extending each 
S E Q to S E EndTM by S/l = 0. Recall that the structure tensor T'^ of 
an almost quaternionic structure Q of a manifold M^'^ is defined by 

(3.9) T«(Xi,X2) = T^(Xi,X2) + E[(r„Xi )I^X2 - {r^X^ )/«Xi], 

a=l 

where Xi, X2 G FTM, H = {Ii,l2, 13) is any local basis of Q, and 

TaX = tr [(4 T^)(X, -)], X e TTM 

(cf. [jl]], p. 244). Both and are invariant by a change of the local 
basis H since such a change is via an S'0(3)-matrix and the sums on a which 
enter in the expressions of , behave like scalar products in R^. 

In our situation, Q is defined only on the complementary distribution E 
of L = TJ^, and a suitable extension of (i.e., T^{Xi,X2) is given by 

(3.9) with replaced by vrT^, if Xi, X2 G TE) will result from 

3.4 Proposition. The transversal almost quaternionic structure Q of the 
foliation JF on M^^^'^ is projectable iff there exists a local basis H of Q such 
that 

3 

(3.10) T^iY, x) = Y^ K«(r)/„x (Y eVL, X e vtm) 

a=l 

for some leafwise 1- forms on M. 
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Proof. If (3.10) holds, then, \/X e TE, VF e TL, (3.3) and (3.6) yield 

3 
2^ 



-hiDy h)x = TVjjy, X) = |{r^(y, x) + /,r^(y, 7^^)} = 



^ OL=\ OL=\ 

(a, A = 1, 2, 3), whence 

(3.11) {Dy h)X =Iy1 '^a{Y){Ix laX - 4 hX). 

^ a=l 

Since the structures satisfy the quaternionic identities, (3.11) shows that 
Q is a projectable structure (compare with (1.2)). 

Conversely, if Q is projectable then, VY e FL, \IX e V^rE, (1.2) and 
(3.3) imply 

Ni^{Y,X) = -a{Y)hX + l3{Y)hX, 

and similarly: 

iVj^(F,X) = -a{Y)hX - ^{Y)hX, 
Nj,^{Y,X) = P{Y)hX--i{Y)hX. 
Accordingly, (3.5) yields 

T^(y, X) = ~b{Y)h - f3{Y)l2 + a{Y)h]X, 

which is (3.10) for X e TE. For X e TL, (3.10) is just = 0. Q.e.d. 
Moreover, by taking into account that tr la = 0, we get 

c^iY) = ^ tr {IsT^iY, -)}, P{Y) = - A tr {hT^{Y, -)}, 

7(y) = ^tr UiT^,-)}, 

where the missing argument is in TE. 

Therefore, the coefficients of (3.10) must be a, /5, 7, and we have to define 
the extension of by asking T^{Yi, Y2) = for Yi, ^2 e TL, and 

(3.12) T^{Y, X) = T^(y, X) + ^ Pa(Y)IaX, 

a=l 
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for Y eTL,X eVE, where 

(3.13) p^{Y) = (l/4g)tr [(/„ T^){Y, -)]. 

This is independent of the choice of the local basis H for the same reason 
was. 

Accordingly, we see that Proposition 3.4 is equivalent to 

3.5 Proposition. The almost quaterniojiic structure Q, transversal to the 
foliation T of M^"'"'^'^, is projectable iS T^\rpjry.j-j^ vanishes. 

Formula (3.11) gives a geometric meaning to the 1-forms pa of (3.13) in 
the case of a projectable structure Q. Namely, they are local connection 

o 

forms of D restricted to Q. In particular, if the triple [Ii, 12,13) consists of 
projectable structures, one has pa = 0. 

It is also interesting to notice that T'^(Xi,X2) {Xi,X2 G TE) can be 
related with the torsion of some well chosen Bott connections. First, all the 
Q-preserving Bott connections on E are given by 



(3.14) VlX2 = s 



7r[Xi,X2], forXiGFL, 
V^^Xa for Xi G TE, 



where V*^^ denotes the connection defined by Oproiu's formula (|T^, p. 295) 

(3.15) V^^Xs = Vx,X2 + j2{\i^xja)la + ^7]^{X,)I^}X2 

a=l 

+ j{Ax,X2 -Y.I^Ax,{IaX2)} {X,,X2 G TE). 

In (3.15) V is an arbitrary Bott connection on E, H = {Ii, 12,13) is a local 

compatible almost hypercomplex structure, Ax^ is an arbitrary endomor- 

phism of E, and r]a (« = 1, 2, 3) are arbitrary 1-forms on M. 

1 

Now, let us fix a connection V among those given by (3.14), (3.15). Fol- 
1 

lowing fll], p. 244, V has an associated Bott-Oproiu connection 

(3.16) «^ Vx=Vx + E(<^a + o /a)(X)/, -liA^-j^ I^AxIa), 
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where 

^c.{X) = -^tr{IaTx), <f=Y. fc,oIa, Ax = Tx+l: E Ti^xola, X e TM, 

1 

T being the torsion of V, and Tx the endomorphism of E obtained by fixing 
the first argument of the torsion as X. 

Then, the same computations as in show that the tensor T'^ and the 
torsion of the Bott-Oproiu connections are related by the formula 

T , (Xi, X2) = 7rT^(Xi, X2), Xi, X2 G TE, 

which is the result we wanted to mention. 

Finally, let us also note that, as a consequence of (3.9), if Q is a projectable 
structure, ttT*^ is a projectable tensor field. 



4 Integrability 

Consider an almost hypercomplex structure H = {Ii, 12,13), respectively an 
almost quaternionic structure Q transversal to a foliation of codimension 4q 
on a manifold M^"^'^'^. By Definition 1.2, the integrability of H and Q includes 
projectability. It is natural to ask whether integrability can be recognized 
by means of the structure tensors and T'^, defined by formulas (3.5) and 
(3.9). 

4.1 Proposition. H, respectively Q, is integrable iff its structure tensor 
, respectively , takes values in the tangent bundle L = TJ^. 

Proof. If H (respectively Q)is projectable, as seen in Section 3, vr o 
(respectively n o T^) projects to the local slice spaces, and, clearly, the 
projection is the torsion tensor of the corresponding almost hypercomplex 
(quaternionic) structures of these slice spaces. Accordingly, the statement 
follows by Definition 1.2 and by the fact that = (respectively T'^ = 0) 
is the integrability condition for H (respectively Q) on manifolds. Q.e.d. 

Now, we will discuss another aspect concerning transversal quaternionic 
(i.e., integrable, almost quaternionic) structures Q of a foliation. The inte- 
grability of Q is equivalent to the existence of an open covering M = UaeAUa 



16 



{A is an arbitrary set) such that one has local, torsionless, projectable con- 
nections D"^ oi E /jj^ which preserve Q/ua- These connections can be glued 
together by means of a partition of unity. The resulting global connection 
is then a torsionless, Q-preserving, Bott connection but, generally, it is not 
projectable. As a matter of fact, we already have explicit expressions of such 
connections namely, the Bott-Oproiu connection of any Q-prcscrving Bott 
connection has a vanishing torsion because of Proposition 4.1. We write this 
result as 

4.2 Proposition. If the foliation T admits a transversal quaternionic struc- 
ture Q, then T admits a Q-preserving, torsionless, Bott connection D on its 
transversal bundle. 

On the other hand, from the system of local connections D"^ above, we 
can build a Cech 1-cocycle, as follows. The differences 

(4.1) T»^(x,r) = D^r-D5^r {x,y erE,a,beA) 

are projectable cross sections of the foliated vector bundle Hom{E Q E,E), 
where denotes the symmetrized tensor product. Symmetry comes from 
the fact that the connections Z^" have no torsion. Furthermore, if we denote 

(4.2) ^D\-D]^, X e TTM, 

we obtain {End E) -valued 1-forms t"^ G A^(C/„nt/b, EndE), and t^\Q) C Q. 

Let us denote by EndgE C End E the subbundle of Q-preserving endo- 
morphisms, and notice the injections of vector bundles 

i : Hom{E QE,E) ^ Hom{TM ® TM, E), 

j : A\M, End E) Hom(TM TM, E), 

where i extends a tensor defined on arguments in E to one with arguments 
in TM by giving it the value if an argument is in L, and 

j(A)(Xi,X2) := A(Xi)7rX2, X-,,X2 G VTM. 

The integrability of Q implies that the {End E)-vdXued 1-forms r defined 
by (4.2) are projectable cross sections of the vector bundle j^^{i{Hom{E 
E,E)) over Ua H U},. Thus, the forms r"^ may be seen as a 1-cocyclc with 
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values in the sheaf S of germs of projectable cross sections of the vector 
bundle j~^{i{Hom{E E, E)) on M. Of course, 5 is a subsheaf of germs of 
projectable (£"710? £')-valued 1-forms on M. 

Correspondingly, we have a cohomology class [t]s G H^{M, S) associated 
with the structure Q, which we call the integrability class of Q. 

The integrability class can be handled as follows. The splitting TM = 
EQ)L yields a natural bigrading, called JF-type, of the spaces of vector fields 
and differential forms (our convention is to write the ii^-degree first), and a 
decomposition of the exterior differential 

(4.3) c? = f^(i,o) + ^(o,i)+'5{2,-i)' 

where the indices denote the type of the operators, and d" is differentiation 
along the leaves of JF [^, Following the de Rham type Theorem 4 of 
[p^ , p. 217, [t]s is the c?"-cohomology class of a (l,0)-form with values in 
j-^{i{Hom{E QE,E)). Namely, put 

(4.4) r'^'' = - r^ 
where 

^ A^fi(u^^EndE)nT{j-\i{Hom{EQE,E))/ua). 

Then, since t""^ are projectable forms, the local forms (i"r° glue up to a global 
d"-c\osed form T, and this is the required representative form of [t]s- 

4.3 Proposition. Let Q be a transversal quaternionic structure of the foli- 
ation T . Then, a torsionless, projectable, transversal connection of which 
preserves Q exists iff [t]s = i.e., iff T is d" -exact. 

Proof, [r] = iff one can get relations (4.4) where the local forms r°, r'' are 
projectable. If this happens, the operator 

(4.5) D = D^-T^ (aeA) 

yield a global projectable connection on E which preserves Q. Conversely, if 
D exists, = -D" — D are projectable, and satisfy (4.4). Q.e.d. 

Notice that the (possibly non projectable) connection D of (4.5) exists 
for any integrable structure Q. From (4.5) and the project ability of D° it 
follows that T is the (1, l)-part of the curvature form of D hence, T also 
represents the Atiyah class of JF [|11[] . This proves 
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4.4 Proposition. The Atiyah class of a transversally quaternionic foliation 
belongs to i*{H^{M, S)), where i is the inclusion ofS into the sheaf of germs 
of projectable 1-forms with values in EndE. 

In view of the above results, the following terminology is natural. A pro- 
jectable, almost quaternionic transversal structure of a foliation will be called 

semi-integrable if it is preserved by a global, torsionless Bott connection, and 
it will be called strongly integrable if it is preserved by a global, torsionless, 
projectable, Bott connection. 

5 The transversal twistor space of Q) 

Let J^he a, fohation of codimension 4g on the manifold M^+^^, endowed with 
a projectable almost quaternionic structure Q with local bases (Ji. I2 - /s) on 
the transversal bundle uj^ = TM/TJ^, and let TM = E ® L {L = TT) be a 
chosen splitting, allowing us to transfer structures between vT and E. 

Similarly to the case of quaternionic manifolds, we define the transversal 
twistor space of by: 

(5.1) ZJ^^{JeQ, J = cti/i + 012/2 + a3-^3, al + al + al = l}, 

i.e., ZT is the sphere bundle associated with the Euclidean vector bundle Q, 
where the metric of Q is that which makes the compatible almost hypercom- 
plex structures {Ii, 12,13) orthonormal bases. 

The quaternionic structure Q reduces the structure group of E to Gl{q, H)- 
Sp{l), and there exists a corresponding principal bundle tt : B{E, Q) — > M of 
quaternionic frames (bases). A frame b e B{E, Q) may be identified with an 
isomorphism B : (R^^, 7°, I2, 13) E, where the left hand side is equivalent 
to the left quaternionic space H^, such that: 

(5.2) B-^ oH oB ^ ■ A, H ^ {I ihh) , ^ {I "J^Il) . 

In (5.2), H is an arbitrary almost hypercomplex local basis of Q seen as a line 
matrix, is the canonical basis of H'^ seen as a line matrix, the composition 
o is for each element of the hue, dot is matrix multiplication, and A e SO{?>). 
Accordingly, we may see a quaternionic frame as 

(5.3) b = {bi, bii = hbi, = hk, = /a&OLi 
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where is the image by B of the canonical basis of H'^ over H. 

From formula (5.2) we see that the structure group of the principal bundle 
B{E, Q) appears as 

(5.4) Gl{q,li)-Sp{l)^ {<pe Aut{Il^'')/ <p-^oH^o<p = H^-A, A G S0(3)}, 
and the corresponding Lie algebra gl{q, H) © sp{l) is isomorphic to 

(5.5) {x e End{R^'')/ o x - X o ^° = ^° ■ «, " G so(3)}, 

(cf. |T|, p. 595). 

For further use, we notice that the dual coframe of h is of the form 

(5.6) (3 = {P\ (f' = -P' o Ji, /?" = o I,, p^'* = -p^ o 
where P^{bj) = 6j. 

Then, b provides the complex frame {bi,bi^) of {E,Ii) with the dual 
coframe (/9*, /?**). As a complex vector bundle, {E,Ii) is isomorphic to the 
holomorphic part of i?® C, and it is well known that the corresponding basis 
of this holomorphic part is 

(5.7) Cj = /j^fej, Cj* = I^bi^ 
where: 

(5.8) It = \{Id-V^lh). 
The dual complex cobasis is: 

(5.9) y = + y* = + 

5.1 Proposition. B{E,Q) is a foliated principal bundle over {M,J-'). 

Proof. A foliated structure on a principal bundle is a maximal local trivial- 
ization atlas with projectable transition functions e.g., [|ll|, Consider real 
local bases of E which have projectable transition functions. Then, there ex- 
ists local bases of E over H which consist of some of the vectors of the given 
bases, and their images by the operators {Ii, 12,13) which span Q. Clearly, 
if we choose a projectable triple {Ii, 12,13) (which is possible because of the 
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projectability of Q) the corresponding H-bases will also have projectable 
transition functions. Q.e.d. 

Now, from formulas (5.3) and (5.6) it follows that 

h = Y.^hi, ®p'-h,® (3'' - 6„ ® (3''* + he, ® /5"), 

i=l 

(5.10) h = bi'* ® P'' -k® r + he ® /?''*), 

i=l 
i=l 

and these formulas define a projection: 

(5.11) 71q:B{E,Q)^B{Q), 

where B{Q) is the 5*0 (3) principal bundle of the positive orthonormal bases 
of Q. 

Furthermore, we may also consider the projection 

(5.12) nz : i3(Q) ^ ZJ^ 

defined by 7Tz{Ii, h, h) = h- 

Clearly, ttq is a principal fibration with structure group GL(g, H), vr^ 
is a principal circle bundle, and tim '■ ^ M is an associated bundle of 
B{Q) M with group 50(3), and fiber 50(3)/50(2) = S^. 

Furthermore, as a consequence of Proposition 5.1 we have 

5.2 Corollary. There exists a lift J-" of J-" to B{E,Q), and ttz o ttq maps 
T onto a foliation T of the twistor space ZT . The leaves of T and T are 
covering spaces of the leaves of T . 

Proof. A slice of T through h G B{E, Q) appears as the result of the 
translation of h along a slice of through 7r(6) G M by the linear holonomy 
of JF. And, a slice of is the result of the projection of the previous slice of 
^by TT^oTTQ p. Q.e.d. 

In what follows we will derive local tangent cobases of the manifold ZT. 
We begin by looking at the {GL{p, R) x {GL{q, H) ■S'p(l)))- principal bundle 
B{M, Q), consisting of all the tangent bases of M which are of the form (a, h), 
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a being a frame of L, and h a frame of the form (5.3) in E. The mapping 
(a, 6) — 6 is a GL{p, R)-principal fibration 

nB:B{M,Q)-^B{E,Q). 



On B{M,Q), there exists the canonical 1-form which, in our case, 
has the scalar components, say 



(5.13) a",/3\/3\/3",/3**, 

where u = 1, ...,p; i = 1, q, and the forms /3 are as in formula (5.6). From 





the known condition ||10|| : 
(5.14) 

where a, (3 are the columns with the entries defined by (5.13), and g G 
GL^PjH) X (GL(g, H) • Sp{l)), it easily follows that the pullbacks of the 
forms (3 by local cross sections of vrg are global 1-forms on B{E, Q) (the 
transversal canonical 1-form, see 0]), while the pullbacks of a" yield some 
local 1-forms. In this paper, the pulling back sections will not be written 
explicitly. Overall, we get p + Aq independent horizontal (i.e., vanishing on 
the fibers) 1-forms on B{E, Q) 

Formula (5.14) implies that for any g G GL{q,'a) ■ Sp{l), and for the 
corresponding right translation of the principal bundle B{E,Q), one has 

(5.15) R;p = g~'op. 

In particular, if (7 G GL{q, H), the H- version of formula (5.15) yields right 
translation formulas of (/5*), (/5* ), (/5"), (/?**) separately. Accordingly, if the 
forms (3 are pulled back by local cross sections of ttq, one gets local 1-forms 
on B{Q) such that each of the four sets of forms above has transition relations 
of its own i.e., the annihilator of each set is invariant. These pullbacks, and 
those of (a") yield p + iq independent horizontal local 1-forms on B{Q). 

Then, the same forms will be pulled back to Z!F by local cross sections of 
TTz- Since the composition ttz ottq has right translations which only preserve 
the complex structure /i, the 1-forms obtained in the end on ZJ-" have right 
translation equations which only preserve the annihilator of the sets {7*, 7"}, 
{7*! 7**}; defined by formula (5.9). 
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Finally, after we make a choice of E, the column of the forms also has 
an invariant annihilator. 

The continuation of the building of nice cobases on is by fixing a 
Q-preserving Bott connection D defined by a 1-form with values in the 
Lie algebra (5.5) on B{E,Q). Then, zu induces an so(3)-valued connection 
form uj on B{Q) by means of the relation: 

(5.16) H° ow -wo H° ^ H° -u. 

Of course, both vu and u; vanish on the leaves of the lifted fohations of to 
B{E,Q) and B{Q), respectively. Since we see ZT as a quotient of B{Q), it 
is the form a; which will be of interest. 

The 1-forms a, (3, uj provide local tangent cobases on B{Q), and if we look 
at the symmetric decomposition 

(5.17) so(3) = so(2) +m, u;^(l) + 'ijj, 



where 
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we see that ijj is a. horizontal form on the principal fibration B{Q) — > ZJF. 
Thus: 

5.3 Proposition. The puUbacks of the local 1-forms 

a\(3\(3',r,P'*,a,b 

to ZT by local cross sections of ttz are local tangent cobases of the manifold 
ZT . Except for a^, all these forms are of the j--type (1, 0) and the system 
of equations a" = is invariant, and it defines a complementary subbundle 
E of L = TT in the tangent bundle TZT . Moreover, the following system 
of equations also are invariant by the transition functions of these cobases, 
and define subbundles ofTZT C: 

(Ci) a" = 0, y = 0, 7^* = 0, e:=a + \/^& = 0, 

(C2) a" = 0, f = 0, 7" = 0, e = 0. 
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Proof. The only thing which has not yet been proven is the invariance of 
the equation ^ = 0. For this, we recall the formula [|10| 



(5.19) 

In particular, if 



7 



i?!cu = 7-^cJ7 7 €50(3). 



/I 

COS0 sin0 I G S0{2), 
\ — sin cos q 



R*{a, b) = {a cos (f) — b sin 0, a sin (f) + b cos i 



R*^ = ^ (cos + sin ( 



we get 

hence, 
(5.20) 
Q.e.d. 

The last part of Proposition 5.3 means that we have 

5.4 Theorem. The normal bundle vT ~ E is equipped with two almost 
complex structures Ji, J2 which have Ci, C2, respectively, as bundles of anti- 
holomorphic vectors. 



6 Projectability conditions on ZJ^ 

In this section we find the conditions which ensure that the almost complex 
structures Ji, J2 are JF-projectable structures. It was proven in ^ that the 
projectability conditions are d"A'^ = (mod. A'^) where y4°" = are the 
equations of Ci and C2, except for a" = 0, respectively, and d" is the J-'- 
leafwise differential as fixed by the complementary subbundle E (see (4.3)). 

From the definition of the canonical form [0, |Tl| , and if we use projectable 
local bases (Ji, I2, 13) of Q, it follows that, on ZJ^, the forms P of (5.13) and 
the corresponding 7 of (5.9), are jF-projectable. Hence, d"Y = 0, d"Y* = 0, 
which agrees with the above mentioned projectability condition. 

As a matter of fact, we can write down explicit formulas for the differen- 
tials dY, dY*, and we do so since the formulas will also be needed later on. 
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The required differentials are given by the torsion-structure equations of 
which may be written on M and, then, hfted to B{E, Q) or ZJ^. 

Let us start with a local basis (Ji, /2, /s) of Q where the induced connec- 
tion oj has the equations 

(6.1) Dh = al2 + bh, Dl2 = -ah + ch, Dh = -bh-ch- 

This basis can be used to define the frames of (5.3) whence, we see that the 
local equations of w can be written as 

J 1 2 3 3 J 

Dbi = zu- bj+ zu- bjf+ zu^ bj^+ zu^ bj'^, 

Dbi' = bj+ w\ bj, - {w\ -a5l)bj^ + {w\ +b6i)bf^, 

2 J 3 J / 1 

Dbi^. = — zu- bj + {zu- —a6l)bj>+ zu- bj^ — {zu- —c6l)bj,^, 
Dbi'^ = ~ bj - {ij- +b6{)bj, + {w^ -c6{)bj^+ w- bj,^. 
Corresponding to these connection equations, there are classical torsion 



structure equations which provide the differentials dp\ dj3^ , dj3'^ , d(3^ * [|T0 
25| , and these equations give us the required formulas 

(6.3) = 7' A {w\ h\) - 7^* A {w\ -v^ w\) 



-(eA7"+eA7")+f oTj 



2 

(6.4) dr = 7' A {w\ i^l) + 7^^* A {w\ -v^ ^1) 



'< A (y - f ) - V-lc A 7" + f * o T, 



where To is the torsion of the connection vu. 

Since Td vanishes if one of its arguments is in L, we again see that ^7*, 
c?7** do not contain terms in a". This is another way to justify the equalities 
(i"7* = 0, (i"7** = i.e., the fact that the forms 7^,7** are jF-projectable 
1-forms. 

Now, we must also compute d^. First, the structure equations of a; on Q 

are: 

(6.5) doj + uj /\uj = Vt, 



25 



where, say, 



V 




is the curvature matrix of u. The entries of Q are defined by 

(6.6) da = bAc + A, db=-aAc + B, dc = aAb + C, 
whence, 

(6.7) d^ = -V^^Ac+{A + V^l3). 

The 2-forms A, B are related to the curvature operator R^, of D. We 
could obtain this relation by differentiating (5.16), but we prefer to proceed 
as follows. If $ G VEnd E is seen as a 0-form with values in End E, and if we 
denote by D the covariant exterior differential associated with the connection 
of E, it is easy to get (cf. 0, Section 11.15) 

(6.8) D2$(Xi,X2) = [Rd{X,,X2),^] ■.= Rd{X,,X2)o<!>-<!>oRj,{X,,X2). 



Ah + Bh 
-Ah + Ch 
-Bh - Ch 



[Rd, h]j 
[Rd-, h]-, 
[Rn.h] 



By applying this formula to h,hi h and using (6.1) we get 
(6.9) 

In order to solve equations (6.9), we use the canonical Euclidean metric 
< , >Q of the S'0(3)-vector bundle Q, while identifying the Lie algebra 
so(3) with the Euclidean space R^. Then, < , >q corresponds to the scalar 
product, and composition of endomorphisms, elements of Q, to the vector 
product of vectors of R^. The solutions are 

A = <h, [RdJi] >q, 
(6.10) B = <h, [Rd, h] >Q= - < h, h o [Rd, h] >q, 

C = <h,[RD,h]>Q. 



Accordingly, (6.7) becomes 
(6.11) d^ = -v^e A c+ < h, [Rd, h] 



'^[RD,h]oh>Q. 
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Now, the projectability conditions left are 

d"^^0 (mod.y,r*,0 forJi, 
^' ' d"^^0 (modf,f*,0 forJs. 

With (6.7), the meaning of the projectabihty conditions (6.12) is 

(6.13) {A + V^B){ci,Y)^0, {A + V^B){ci*,Y)^0, for Ji, 

(6.14) {A+V^B){ci,Y)=0, {A+V^B){ci*,Y) = 0, for J2, 

correspondingly, where (c.j,Cj*) were defined in (5.7), and Y G TL. 

Since for any vector X G TE, ifX can play the role of q for one frame, 
and of Cj* for another frame, and I^X := I^X can play the role of (q, q*), 
respectively, the projectability conditions become 

(6.15) {A+^/^B){X-^/^hX,Y)^Q, 

(6.16) {A+V^B){X + ^^hX,Y) = Q, 

for Ji and J2, respectively, and where X G Fi?, F G FL. 
If the real and imaginary parts are separated, this means 



(6.17) 

for Ji, and 

(6.18) 



< 72, [Rd{x, y), h] + [RDihx, y), /i] o 7i >= 0, 

< 72, [7?d(7iX, y), 7i] - [7?o(X, y), 7i] o 7i >= 0, 

< 72, [Rd{X, y), 7i] - [RDihX, y), 7i] o h >= 0, 

< 72, [RD{hX, y), 7i] + [7?z,(X, y), 7i] o 7i >= 0, 



for J2. 

Now, if the basis {h, 12,13) of Q is changed to (7i,— 73,72), the same 
conditions will hold for 73 instead of 72, which means that we have to replace 
the projectability conditions of Ji by 

[Roix, y), h] + [Roihx, y), h] o i, = f^h, 

(6.19j 

[RDihX, y), 7i] - [Rn{X, y), 7i] o I, = i^Iu 
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and those of J2 by 

^ ^ [Rd(X, Y), h] - [RDihX, Y), h] o h = l^'h, 

(6.20) 

[RDihX, Y), h] + [Rd{X, Y), h] o Ji = z/'Ji, 

where, in fact, Ji is any S E Q, = —Id. Furthermore, if we take the 
trace in (6.19), (6.20), we get = z/ = /x' = i/' = 0. Then, in both (6.19) 
and (6.20), the second relation is the first composed by Ii. Therefore, the 
projectabihty conditions reduce to 

(6 21) ^^'^^^ [Rd{SX, Y),S]oS = 0, for J,, 

[Rd{X, Y),S]- [Rd{SX, Y),S]oS = 0, for J2. 

Since these conditions are tensorial, it suffices to write them for a pro- 
jectable cross section S of Q, and a projectable vector field X. Using 



Rd{X,Y)^[Dx,Dy]-Dix,y] 



we get 
(6.22) 



Dy(DxS) - SDy(DsxS) = 0, for J,, 
Dy{DxS) + SDy{DsxS) = 0, for J2. 

These formulas give us the final form of the projectabihty conditions: 

6.1 Theorem, (a) the structure Ji is projectable iiFVX G TprE and for 
any projectable cross section S of Q tie endomorphism DxS — SDsxS is 
projectable. 

(b) the structure J2 is projectable iff\/X G TprE and for any projectable 
cross section S of Q the endomorphism DxS + SDsxS is projectable. 

(c) Ji and J2 are both projectable iff the connection induced by D in Q is 
projectable. 



7 Integrability conditions on ZJ^ 

Now, let us assume that we are in the case where Ji, J2 are both projectable, 
and study the integrability of these structures. 
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In this case, and if we use projcctable local bases {Ii, 12,13) of the pro- 
jectable, transversal, almost quaternionic structure Q, 7*, 7** and ^ are JF- 
projectable (see (6.3), (6.4) and Theorem 6.1 (c)), and it remains to ask that, 
for arguments in E, one had 

(7.1) dy = o, dy* = o, d^^o (mod. y,y*,e) 

for Ji, and 

(7.2) dy = o, (if* = o, dc^o (mod. 

for J2. 

From (6.4), we see that (7.2) never holds. Thus, J2 is never integrable, 
and we do not have to worry about it anymore. 

Furthermore, (6.3) and (6.4) yield a torsion integrability condition of Ji 
namely, 

(7.3) Y°Td = 0, Y*oTd = (mod.y,y*). 

The forms (7.3) are the holomorphic components of To, i. e., of Ii' oTd, and 

(7.3) means that Ii o To must vanish on arguments of the form 

If we assume q > 2, independent arguments I{Xi,I{X2 exist, and the 
torsion integrability condition reduces to 

(7.4) lt{Tn{I{X^,I{X2)) = 0, 
V7i e Q, VXi, X2 e F^;. The explicit form of (7.4) is 

Td{X, + v^/iXi, X2 + v^/iX2) 
■ -V^hToiX, + V^hX,,X2 + V^hX2) = 0, 

where, in fact, Ji is any S E Q, = —Id. Then, after we separate the real 
and imaginary part of (7.5), we get the integrability conditions 

(7.6) Td{Xi,X2) - Td{SX^, SX2) + STd{SXi, X2) + STd{X^, SX2) = 0, 

(7. 7) Td (5Xi ,X2)+Td (Xi ,8X2)- STd {X^ , X2) + STd {SX^ ,8X2)^ 0. 
Since (7.7) is the result of composing (7.6) by S at the left, we get 
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7.1 Proposition. If q >2, the torsion integrability condition of Ji is (7.6) 
VS* E Q, = —Id, and VXi, X2 G TE. In particular, this condition holds if 

Furthermore, we also have a curvature integrabihty condition which fol- 
lows from (6.7) namely, that on arguments in E one had 

(7.8) A+^/^B = (mod. f,7**). 

If g > 2, all we have to ask is that, for all Xi,X2 G TE, the following 
relation holds: 

(7.9) {A + \/^i3)(Xi + V^/iXi, X2 + v^/iXs) = 0. 

The imaginary part of (7.9) is equivalent to its real part by the transformation 
Xi I— > IiXi. Therefore, the only remaining curvature integrability condition 
is 

(7.10) A{X,, X2) - A{hX,, hX2) - B{hX,, X2) - B(X,, hX2) = 0. 

Here A and B are given by (6.10), which transforms (7.10) into 

< h, [Rd{Xi, X2), h] - [Rd{IiXi, hX2), h] 
+h o [RDihXu X2), h] + h o [Rd{X,, hX2), h] >Q= 0. 

Now, note that condition (7.11) must be imposed for any basis (/i, I21 13) 
of Q hence, if (/i, I2, h) 1— > {h, —h, h), we get the same relation (7.11) for 

/3 instead of J2. It follows that the second factor of the scalar product (7.11) 
must be of the form A/i. Then, by taking the trace as we did in (6.19), 
(6.20), we get A = 0. Moreover, we may take any S & Q, S'^ = —Id as /i. 
Therefore, we have obtained 

7.2 Theorem. The curvature integrability condition of Ji is: 

[Rd(X,, X2), S] - [Rd(SX,, SX2), S] 
+S o [Rd(SX,, X2),S] + So [Rd(X,, SX2), S] = 0. 

yS eQ and VXi,X2 e TE. 
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7.3 Remark. Lemma 14.74 of tells us that, if To = 0, (7.12) holds. 
In particular, if Q is strongly integrable (see Section 4), and if D is a Q- 
preserving, projectable, torsionless connection, Ji is integrable. 

For g = 1, since we have only one independent vector ci, which can be 
obtained from an arbitrary X, the torsion integrabihty condition is 

(7.13) I+{Tn{I^X, hX + v^/sX)) = 0, 

where the real and imaginary parts are equivalent by X i-^ JiX. Hence, 

(7.13) reduces to 

(7.14) Tz5(X, hX) - TnihX, I.X) + hToiX, I.X) + hToihX, hX) = 0, 

which has to hold for any basis (Ji, /2, /a) of Q. 

Furthermore, for g = 1, the curvature integrabihty condition is 

(7.15) {A + v^S)(/rX, hX + v^/gX) = 0. 
and, if we separate the real and imaginary parts, we get 

^(X,/2X)-^(/iX,/3X)-i3(/iX,/2X)-i3(X,/3X) = 0, 
^ ■ ' A{hX, hX) + ^(X, /3X) + i3(X, /2X) - i3(/iX, /3X) = 0. 

Now, if (/i,/2,/3) ^ ih, -13,12), then {A,B) ^ {-B,A), and the first 
relation (7.16) becomes the second. Hence the only remaining condition is 

<l2, [Rd{X, J2X), h] - [Rd{IiX, J3X), h] 
+h o [Rd{IiX, hX), h] + h o [Rd{X, hX), h] >Q= 0, 

for all the local, hypercomplex bases of Q. 

If we write equation (7.17) for {Ii, 12), replacing the first factor I2 
by I3 o Ii and using < ^ otp^x >q=< °X >Q) the result is again (7.17), 
where the first factor is replaced by I3. Hence, the second factor of the scalar 
product is proportional to Ii, and using the trace as we already did, this 
second factor must be zero. Therefore, the curvature integrabihty condition 
becomes 

[Rd{X, I2X), h] - [Rd{IiX, /3X), h] 
+h o [RDihX, I2X), h] + h o [RniX, J3X), h] = 0, 
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for any orthonormal basis of Q and VX G VE. 

The case g = 1 is that of a four-dimensional conformal structure. Hence, 
the obtained conditions must be equivalent with those of classical twistor 
theory. 

Coming back to the torsion integrability condition of Ji, we will notice 
the following interesting fact 

7.4 Proposition. Two Q-preserving Bott connections w, w' define the same 
structure Ji on Z{J-') iff their torsions differ by a term which satisfies the 
torsion intcgrabihty condition. 

Proof. From the definition of Ji, it follows that ro,ti7' define the same 
structure Ji iff the (horizontal) difference form of the connections induced in 
Q satisfies 

(7.19) e'-e = o (mod.y,y*) 

By subtracting the corresponding structure equations (6.3), (6.4) of the 
two connection forms zu,zu', we get 

(7.20) 7' A Ai - 7'^* + ^[(f - A r + (e' - e) A f] 

+y o {Td' - Td) = 0, 

(7.21) -7'^ ^Cl- 7'^* A 5^ + ^(C - A (f - f ) - x/^(c' - c) A r 

+7** o {Td' - Tn) = 0, 

where A, B, C, S are the entries of the difference forms of the connections, 
and D, D' are the corresponding covariant derivatives. Hence, C' ~ C 
be calculated by applying i{I{X). with X G to (7.20), (7.21), and the 
result contains only 7', 7'* iff (To/ — To) satisfy (7.4), if g > 2, and (7.13), if 
q = 1- Q.c.d. 

7.5 Corollary. Any two connections which satisfy the torsion integrabihty 

condition define the same structure Ji. 

It is also possible to find the condition for two connections w' as in 
Proposition 7.4 to define the same pair of structures (Ji, J2). Namely, 
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7.6 Proposition. Under the hypotheses of Proposition 7.4, the connections 
zu,zu' dehne the same structures Ji, J2 iff one of the following equivalent 
conditions is satisfied: 

(a) zu and zu' induce the same connection in the vector bundle Q; 

(b) VS* G Q with S"^ = —Id, one has equal commutants [S,w] = [5", ca']; 

(c) WS G Q with S"^ = —Id, one has equal traces tr{Sw) = tr{Sw'). 

Proof. Now, we ask condition (7.19) and also 

(7.22) r-^ = (mod.f,f*), 

which expresses the fact that the two connections define the same structure 
J2. Together, (7.19) and (7.22) yield — C = 0, which exactly is condition 
(a). 

Furthermore, let us look at the relation (5.16) between the connection 
form w and the connection form uo of the connection induced in Q. With the 
notation (5.18), and like for (6.10), we obtain 

(7.23) a =< 72, [/i, T^] >Q, b =< h, [h, w]q > . 

If t :— zu'—zu, and in view of condition (a), we will have (Ji, J2) = {J[, J'^ 

iff 

(7.24) < J2, [Ji, t] >Q= 0, < 4, [Ji, t] >Q= 0. 

This implies [Ii,t] — ali, and the trace yields a — 0, which exactly is 
condition (b). 

Finally, we will obtain condition (c) by using the following straightforward 
solutions of (5.16): 

a Id = ^{I^zu + zuls + I2TDI1 - I1ZUI2}, 

(7.25) b Id = -\{I2-0D + WI2- h-ooIi + hwh}, 
c Id ^ ^{h-uj + zuli- l2-ujl3 + hwh}. 

By taking the traces in (7.25), we get 

1 11 

(7.26) a^ — tr {hzu), b = -— tr (12^7), ^ = — {hw). 

Obviously, this proves that (c) is equivalent to (a). Q.e.d. 
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7.7 Remark. It is also possible to solve equations (6.9) by formulas of the 
type (7.25): 

Aid = l{[Rn,h] + [RD,l2]oh-[RD,Ii]ol2}, 
(7.27) Bid = l{[RD,l2]-[RD,h]oh + [RD,Ii]oh}, 

CM = l{[RD,h]~[RD,l2\oh + [RD,h]ol2}, 

which implies that A,B,C are (l/4g) of the traces of the right hand sides of 
(7.27). These formulas can provide another form of writing the project ability 
and integrability conditions. 
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